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2 YÜKSEL SOYKAN
If we set r = s = t = 1 and W0 = 0;W1 = 1;W2 = 1 then fWng is the well-known Tribonacci sequence
and if we set r = s = t = 1 and W0 = 3;W1 = 1;W2 = 3 then fWng is the well-known Tribonacci-Lucas
sequence.
In fact, the generalized Tribonacci sequence is the generalization of the well-known sequences like Tri-
bonacci, Tribonacci-Lucas, Padovan (Cordonnier), Perrin, Padovan-Perrin, Narayana, third order Jacobsthal
and third order Jacobsthal-Lucas. In literature, for example, the following names and notations (see Table
1) are used for the special case of r; s; t and initial values.
Table 1 A few special case of generalized Tribonacci sequences
No Sequences (Numbers) Notation OEIS [37] References
1 Tribonacci fTng = fWn(0; 1; 1; 1; 1; 1)g A000073, A057597 [26]
2 Tribonacci-Lucas fKng = fWn(3; 1; 3; 1; 1; 1)g A001644, A073145 [26]
3 Tribonacci-Perrin fMng = fWn(3; 0; 2; 1; 1; 1)g [26]
4 modied Tribonacci fUng = fWn(1; 1; 1; 1; 1; 1)g [26]
5 modied Tribonacci-Lucas fGng = fWn(4; 4; 10; 1; 1; 1)g [26]
6 adjusted Tribonacci-Lucas fHng = fWn(4; 2; 0; 1; 1; 1)g [26]
7 third order Pell fP (3)n g = fWn(0; 1; 2; 2; 1; 1)g A077939, A077978 [27]
8 third order Pell-Lucas fQ(3)n g = fWn(3; 2; 6; 2; 1; 1)g A276225, A276228 [27]
9 third order modied Pell fE(3)n g = fWn(0; 1; 1; 2; 1; 1)g A077997, A078049 [27]
10 third order Pell-Perrin fR(3)n g = fWn(3; 0; 2; 2; 1; 1)g
11 Padovan (Cordonnier) fPng = fWn(1; 1; 1; 0; 1; 1)g A000931 [28]
12 Perrin (Padovan-Lucas) fEng = fWn(3; 0; 2; 0; 1; 1)g A001608, A078712 [28]
13 Padovan-Perrin fSng = fWn(0; 0; 1; 0; 1; 1)g A000931, A176971 [28]
14 modied Padovan fAng = fWn(3; 1; 3; 0; 1; 1)g [28]
15 Pell-Padovan fRng = fWn(1; 1; 1; 0; 2; 1)g A066983, A128587 [29]
16 Pell-Perrin fCng = fWn(3; 0; 2; 0; 2; 1)g [29]
17 third order Fibonacci-Pell fGng = fWn(1; 0; 2; 0; 2; 1)g [29]
18 third order Lucas-Pell fBng = fWn(3; 0; 4; 0; 2; 1)g [29]
19 Jacobsthal-Padovan fQng = fWn(1; 1; 1; 0; 1; 2)g A159284 [31]
20 Jacobsthal-Perrin (-Lucas) fLng = fWn(3; 0; 2; 0; 1; 2)g A072328 [31]
21 adjusted Jacobsthal-Padovan fKng = fWn(0; 1; 0; 0; 1; 2)g [31]
22 modied Jacobsthal-Padovan fMng = fWn(3; 1; 3; 0; 1; 2)g [31]
23 Narayana fNng = fWn(0; 1; 1; 1; 0; 1)g A078012 [30]
24 Narayana-Lucas fUng = fWn(3; 1; 1; 1; 0; 1)g A001609 [30]
25 Narayana-Perrin fHng = fWn(3; 0; 2; 1; 0; 1)g [30]
26 third order Jacobsthal fJ(3)n g = fWn(0; 1; 1; 1; 1; 2)g A077947 [32]
27 third order Jacobsthal-Lucas fj(3)n g = fWn(2; 1; 5; 1; 1; 2)g A226308 [32]
28 modied third order Jacobsthal-Lucas fK(3)n g = fWn(3; 1; 3; 1; 1; 2)g [32]
29 third order Jacobsthal-Perrin fQ(3)n g = fWn(3; 0; 2; 1; 1; 2)g [32]
30 3-primes fGng = fWn(0; 1; 2; 2; 3; 5)g [33]
31 Lucas 3-primes fHng = fWn(3; 2; 10; 2; 3; 5)g [33]
32 modied 3-primes fEng = fWn(0; 1; 1; 2; 3; 5)g [33]
33 reverse 3-primes fNng = fWn(0; 1; 5; 5; 3; 2)g [34]
34 reverse Lucas 3-primes fSng = fWn(3; 5; 31; 5; 3; 2)g [34]
35 reverse modied 3-primes fUng = fWn(0; 1; 4; 5; 3; 2)g [34]
Here, OEIS stands for On-line Encyclopedia of Integer Sequences.
The evaluation of sums of powers of these sequences is a challenging issue. Two pretty examples are
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k=0 k( 1)kTk = 12 ( 1)
n
((n+ 2)Tn+3   (2n+ 3)Tn+2 + (n  1)Tn+1)
andPn
k=1 k( 1)kT k = 12 ( 1)
n
(nT n 1 + T n 2 + (n+ 1)T n 3):
In this work, we derive expressions for sums of generalized Tribonacci numbers. We present some works
on sum formulas of the numbers in the following Table 2.
Table 2. A few special study of sum formulas.
Name of sequence Papers which deal with summing formulas






The following theorem presents some summing formulas of generalized Tribonacci numbers with positive
subscripts.
Theorem 1.1. Let x be a complex number. For n  0; we have the following formulas:










n+3Wn+3   (rx  1)xn+2Wn+2   (sx2 + rx  1)xn+1Wn+1
 x2W2 + x (rx  1)W1 + (sx2 + rx  1)W0:






r2x  s2x2 + t2x3 + 2sx+ 2rtx2   1
where

2 =   (sx  1)xn+1W2n+2 + (t+ rs)xn+2W2n+1 + t (r + tx)xn+2W2n
+x (sx  1)W2   (t+ rs)x2W1 +
 
r2x  s2x2 + 2sx+ rtx2   1

W0:










3 = (r + tx)x
n+1W2n+2 +
 
s  s2x+ t2x2 + rtx

xn+1W2n+1
 t (sx  1)xn+1W2n   x (r + tx)W2 +
 
r2x+ sx+ rtx2   1

W1 + tx (sx  1)W0:
Proof. It is given in [35]. 
The following theorem presents some summing formulas (identities) of generalized Tribonacci numbers
with negative subscripts.
Theorem 1.2. Let x be a complex number. For n  1; we have the following formulas:











t+ rx2 + sx

xn+1W n 1   (t+ sx)xn+2W n 2   txn+3W n 3











2sx2   s2x+ r2x2 + t2   x3 + 2rtx
where

5 =   (t+ rx)xn+1W 2n+1 +
 
r2x+ rt+ sx  x2

xn+1W 2n + t (s  x)xn+1W 2n 1
 x (s  x)W2 + x (t+ rs)W1 + x
 
 r2x  rt  2sx+ s2 + x2

W0:






2sx2   s2x+ r2x2 + t2   x3 + 2rtx
where

6 = (s  x)xn+2W 2n+1   (t+ rs)xn+2W 2n   t (t+ rx)xn+1W 2n 1
+x (t+ rx)W2 + x
 
 r2x  rt  sx+ x2

W1   tx (s  x)W0:
Proof. It is given in [35]. 
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2. Sum Formulas of Generalized Tribonacci Numbers with Positive Subscripts
The following Theorem presents some sum formulas of generalized Tribonacci numbers with positive
subscripts.
Theorem 2.1. Let x be a complex number. For n  0; we have the following formulas:





(sx2 + tx3 + rx  1)2





(r2x  s2x2 + t2x3 + 2sx+ 2rtx2   1)2



















n+3(n(sx2 + tx3 + rx  1) + sx2 + 2rx  3)Wn+3;




2(tx3   rx+ 2)W2;
 5 = +x( rtx4 + 2tx3 + sx2 + r2x2   2rx+ 1)W1;
 6 =  tx3(sx2 + 2rx  3)W0;
1 =  xn+1(n(sx  1)(r2x  s2x2 + t2x3 + 2sx+ 2rtx2   1) + s2x2 + 2t2x3 + r2sx2   st2x4 +
2rtx2   2sx+ 1)W2n+2;
2 = +x
n+2(t+ rs)(n(r2x  s2x2 + t2x3 + 2sx+ 2rtx2   1) + r2x  t2x3 + 2sx  2)W2n+1;
3 = +tx
n+2(n(r + tx)(r2x   s2x2 + t2x3 + 2sx + 2rtx2   1) + r3x + 2r2tx2 + rt2x3   3tx  
s2tx3 + 4stx2 + 2rsx  2r)W2n;
4 = +x(s
2x2 + 2t2x3   2sx+ 2rtx2 + r2sx2   st2x4 + 1)W2;
5 =  x2(t+ rs)(r2x  t2x3 + 2sx  2)W1;
6 = +tx
2(2r   r3x+ 3tx  4stx2   2r2tx2   rt2x3 + s2tx3   2rsx)W0;
1 = x
n+1(n(r + tx)(r2x  s2x2 + t2x3 + 2sx+ 2rtx2   1) + rs2x2   r2tx2   2rt2x3 + 2stx2  
2tx  r   t3x4)W2n+2;
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2 = +x
n+1(n(s   s2x + t2x2 + rtx)(r2x   s2x2 + t2x3 + 2sx + 2rtx2   1) + r3tx2 + rt3x4 +
2st2x3   2rtx  r2s2x2 + 2r2t2x3   s+ 2s2x  s3x2   3t2x2)W2n+1;
3 =  txn+1(n(sx  1)(r2x  s2x2 + t2x3 +2sx+2rtx2   1) + s2x2 +2rtx2 +2t2x3 + r2sx2  
st2x4   2sx+ 1)W2n;
4 = +x(r + t
3x4 + 2tx  2stx2   rs2x2 + r2tx2 + 2rt2x3)W2;
5 = +x(s  2s2x+ s3x2 + 3t2x2 + r2s2x2   2r2t2x3   r3tx2   rt3x4   2st2x3 + 2rtx)W1;
6 = +tx(s
2x2 + 2t2x3   2sx+ 2rtx2 + r2sx2   st2x4 + 1)W0:
Proof.
(a): Using the recurrence relation
Wn = rWn 1 + sWn 2 + tWn 3
i.e.
tWn 3 =Wn   rWn 1   sWn 2
we obtain
tnxnWn = nx
nWn+3   rnxnWn+2   snxnWn+1
t(n  1)xn 1Wn 1 = (n  1)xn 1Wn+2   r(n  1)xn 1Wn+1   s(n  1)xn 1Wn
t(n  2)xn 2Wn 2 = (n  2)xn 2Wn+1   r(n  2)xn 2Wn   s(n  2)xn 2Wn 1
t(n  3)xn 3Wn 3 = (n  3)xn 3Wn   r(n  3)xn 3Wn 1   s(n  3)xn 3Wn 2
...
t 3 x3W3 = 3 x3W6   r  3 x3W5   s 3 x3W4
t 2 x2W2 = 2 x2W5   r  2 x2W4   s 2 x2W3
t 1 x1W1 = 1 x1W4   r  1 x1W3   s 1 x1W2
t 0 x0W0 = 0 x0W3   r  0 x0W2   s 0 x0W1




















Then, using Theorem 1.1 (a) and solving (2.1), the required result of (a) follows.
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(b) and (c): Using the recurrence relation
Wn = rWn 1 + sWn 2 + tWn 3
i.e.
rWn 1 =Wn   sWn 2   tWn 3
we obtain
rnxnW2n+1 = nx
nW2n+2   snxnW2n   tnxnW2n 1
r(n  1)xn 1W2n 1 = (n  1)xn 1W2n   s(n  1)xn 1W2n 2   t(n  1)xn 1W2n 3
...
r  2 x2W5 = 2 x2W6   s 2 x2W4   t 2 x2W3
r  1 x1W3 = 1 x1W4   s 1 x1W2   t 1 x1W1
r  0 x0W1 = 0 x0W2   s 0 x0W0   t 0 x0W 1





nW2n+2   ( 1)x 1W0 +
nX
k=0








Similarly, using the recurrence relation
Wn = rWn 1 + sWn 2 + tWn 3
i.e.
rWn 1 =Wn   sWn 2   tWn 3
we write the following obvious equations;
r(n+ 1)xn+1W2n+2 = (n+ 1)x
n+1W2n+3   s(n+ 1)xn+1W2n+1   t(n+ 1)xn+1W2n
rnxnW2n = nx
nW2n+1   snxnW2n 1   tnxnW2n 2
r(n  1)xn 1W2n 2 = (n  1)xn 1W2n 1   s(n  1)xn 1W2n 3   t(n  1)xn 1W2n 4
...
r  3 x3W6 = 3 x3W7   s 3 x3W5   t 3 x3W4
r  2 x2W4 = 2 x2W5   s 2 x2W3   t 2 x2W2
r  1 x1W2 = 1 x1W3   s 1 x1W1   t 1 x1W0
r  0 x0W0 = 0W1   s 0 x0W 1   t 0 x0W 2
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kxkW2k+1   s( (n+ 1)xn+1W2n+1 +
nX
k=0





Then, using Theorem 1.1 (b) and (c) and solving the system (2.2)-(2.3), the required result of (b)
and (c) follow. 








kW2k+1 for the specic case of sequence fWng:
2.2. The Case x = 1. We now consider the case x = 1 in Theorem 2.1. In this subsection, we only
consider the case x = 1; r = 0; s = 2; t = 1 (this special case was not given in [36] because we can not use
Theorem 2.1 directly). Observe that setting x = 1; r = 0; s = 2; t = 1 (i.e. for the generalized Pell-Padovan
case) in Theorem 2.1, (b) and (c) make the right hand side of the sum formulas to be an indeterminate form.
Application of LHospital rule (using twice) however provides the evaluation of the sum formulas. If x = 1;
r = 0; s = 2; t = 1 then we have the following theorem (in fact taking r = 0; s = 2; t = 1 in Theorem 2.1 and
then using LHospital rule twice for x = 1 we obtain the following theorem).















2 ( n (n+ 1)W2n+2 + (n
2 + 3n  2)W2n+1 + n (n+ 3)W2n + 2W1):
Proof
(a): Taking x = 1; r = 0; s = 2; t = 1 in Theorem 2.1 (a), we obtain (a).





( x3 + 4x2   4x+ 1)2
where
g1(x) =  xn+1(4x2   4x + 2x3   2x4   n (2x  1) ( x3 + 4x2   4x + 1) + 1)W2n+2   xn+2
(n( x3+4x2 4x+1) 4x+x3+2)W2n+1 xn+2(3x 8x2+4x3+nx( x3+4x2 4x+1))W2n+
x( 2x4 + 2x3 + 4x2   4x+ 1)W2 + x2(x3   4x+ 2)W1 + x2(4x3   8x2 + 3x)W0:
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For x = 1; the right hand side of the above sum formula is an indeterminate form. Now, we




















(n (n+ 3)W2n+2   n (n+ 1)W2n+1   (n+ 2) (n+ 1)W2n + 2W0):





( x3 + 4x2   4x+ 1)2
where
g2(x) =  xn+1(2x 4x2+x4+nx( x3+4x2 4x+1))W2n+2 xn+1(11x2 8x 4x3+n(x2 
4x+2)( x3+4x2  4x+1)+2)W2n+1 xn+1(4x2  4x+2x3  2x4 n (2x  1) ( x3+4x2  4x+
1)+ 1)W2n + x(x
4   4x2 +2x)W2   x(4x3   11x2 +8x  2)W1 + x( 2x4 +2x3 +4x2   4x+1)W0:
For x = 1; the right hand side of the above sum formula is an indeterminate form. Now, we




















( n (n+ 1)W2n+2 + (n2 + 3n  2)W2n+1 + n (n+ 3)W2n + 2W1):

From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan numbers
(take Wn = Rn with R0 = 1; R1 = 1; R2 = 1).















2 ( n (n+ 1)R2n+2 + (n
2 + 3n  2)R2n+1 + n (n+ 3)R2n + 2):
Taking Wn = Cn with C0 = 3; C1 = 0; C2 = 2 in the last theorem, we have the following corollary which
presents sum formulas of Pell-Perrin numbers.
















2 ( n (n+ 1)C2n+2 + (n
2 + 3n  2)C2n+1 + n (n+ 3)C2n):
From the last theorem, we have the following corollary which gives sum formulas of third order Fibonacci-
Pell numbers (take Wn = Gn with G0 = 1; G1 = 0; G2 = 2).















2 ( n (n+ 1)G2n+2 + (n
2 + 3n  2)G2n+1 + n (n+ 3)G2n):
Taking Wn = Bn with B0 = 3; B1 = 0; B2 = 4 in the last theorem, we have the following corollary which
presents sum formulas of third order Lucas-Pell numbers.















2 ( n (n+ 1)B2n+2 + (n
2 + 3n  2)B2n+1 + n (n+ 3)B2n):
2.3. The Case x =  1. We now consider the case x =  1 in Theorem 2.1.
The following proposition presents some summing formulas of generalized Fibonacci numbers with pos-
itive subscripts.
Taking x =  1; r = s = t = 1 in Theorem 2.1, we obtain the following proposition.
Proposition 2.7. If r = s = t = 1 then for n  0 we have the following formulas:
(a):
Pn
k=0 k( 1)kWk = 12 (( 1)
n
((n+ 2)Wn+3  (2n+ 3)Wn+2+(n  1)Wn+1)+W2 W1  2W0):
(b):
Pn
k=0 k( 1)kW2k = 14 (( 1)
n
((2n+ 1)W2n+2   2 (n+ 1)W2n+1 +W2n) W2 + 2W1  W0):
(c):
Pn
k=0 k( 1)kW2k+1 = 14 (( 1)
n
( W2n+2 +2 (n+ 1)W2n+1 + (2n+ 1)W2n) +W2   2W1  W0):
From the above proposition, we have the following corollary which gives sum formulas of Tribonacci
numbers (take Wn = Tn with T0 = 0; T1 = 1; T2 = 1).
Corollary 2.8. For n  0; Tribonacci numbers have the following properties:
(a):
Pn
k=0 k( 1)kTk = 12 ( 1)
n
((n+ 2)Tn+3   (2n+ 3)Tn+2 + (n  1)Tn+1):
(b):
Pn
k=0 k( 1)kT2k = 14 (( 1)
n
((2n+ 1)T2n+2   2 (n+ 1)T2n+1 + T2n) + 1):
(c):
Pn
k=0 k( 1)kT2k+1 = 14 (( 1)
n
( T2n+2 + 2 (n+ 1)T2n+1 + (2n+ 1)T2n)  1):
Taking Wn = Kn with K0 = 3;K1 = 1;K2 = 3 in the last proposition, we have the following corollary
which presents sum formulas of Tribonacci-Lucas numbers.
Corollary 2.9. For n  0; Tribonacci-Lucas numbers have the following properties:
(a):
Pn
k=0 k( 1)kKk = 12 (( 1)
n
((n+ 2)Kn+3   (2n+ 3)Kn+2 + (n  1)Kn+1)  4):
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(b):
Pn
k=0 k( 1)kK2k = 14 (( 1)
n
((2n+ 1)K2n+2   2 (n+ 1)K2n+1 +K2n)  4):
(c):
Pn
k=0 k( 1)kK2k+1 = 14 (( 1)
n
( K2n+2 + 2 (n+ 1)K2n+1 + (2n+ 1)K2n)  2):
From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin
numbers (take Wn =Mn with M0 = 3;M1 = 0;M2 = 2).
Corollary 2.10. For n  0; Tribonacci-Perrin numbers have the following properties:
(a):
Pn
k=0 k( 1)kMk = 12 (( 1)
n
((n+ 2)Mn+3   (2n+ 3)Mn+2 + (n  1)Mn+1)  4):
(b):
Pn
k=0 k( 1)kM2k = 14 (( 1)
n
((2n+ 1)M2n+2   2 (n+ 1)M2n+1 +M2n)  5):
(c):
Pn
k=0 k( 1)kM2k+1 = 14 (( 1)
n
( M2n+2 + 2 (n+ 1)M2n+1 + (2n+ 1)M2n)  1):
Taking Wn = Un with U0 = 1; U1 = 1; U2 = 1 in the last proposition, we have the following corollary
which presents sum formulas of modied Tribonacci numbers.
Corollary 2.11. For n  0; modied Tribonacci numbers have the following properties:
(a):
Pn
k=0 k( 1)kUk = 12 (( 1)
n
((n+ 2)Un+3   (2n+ 3)Un+2 + (n  1)Un+1)  2)
(b):
Pn
k=0 k( 1)kU2k = 14 ( 1)
n
((2n+ 1)U2n+2   2 (n+ 1)U2n+1 + U2n):
(c):
Pn
k=0 k( 1)kU2k+1 = 14 (( 1)
n
( U2n+2 + 2 (n+ 1)U2n+1 + (2n+ 1)U2n)  2):
From the last proposition, we have the following corollary which gives sum formulas of modied Tribonacci-
Lucas numbers (take Wn = Gn with G0 = 4; G1 = 4; G2 = 10).
Corollary 2.12. For n  0; modied Tribonacci-Lucas numbers have the following properties:
(a):
Pn
k=0 k( 1)kGk = 12 (( 1)
n
((n+ 2)Gn+3   (2n+ 3)Gn+2 + (n  1)Gn+1)  2):
(b):
Pn
k=0 k( 1)kG2k = 14 (( 1)
n
((2n+ 1)G2n+2   2 (n+ 1)G2n+1 +G2n)  6):
(c):
Pn
k=0 k( 1)kG2k+1 = 14 (( 1)
n
( G2n+2 + 2 (n+ 1)G2n+1 + (2n+ 1)G2n)  2):
Taking Wn = Hn with H0 = 4;H1 = 2;H2 = 0 in the last proposition, we have the following corollary
which presents sum formulas of adjusted Tribonacci-Lucas numbers.
Corollary 2.13. For n  0; adjusted Tribonacci-Lucas numbers have the following properties:
(a):
Pn
k=0 k( 1)kHk = 12 (( 1)
n
((n+ 2)Hn+3   (2n+ 3)Hn+2 + (n  1)Hn+1)  10):
(b):
Pn
k=0 k( 1)kH2k = 14 ( 1)
n
((2n+ 1)H2n+2   2 (n+ 1)H2n+1 +H2n):
(c):
Pn
k=0 k( 1)kH2k+1 = 14 (( 1)
n
( H2n+2 + 2 (n+ 1)H2n+1 + (2n+ 1)H2n)  8):
Taking r = 2; s = 1; t = 1 in Theorem 2.1, we obtain the following proposition.
Proposition 2.14. If r = 2; s = 1; t = 1 then for n  0 we have the following formulas:
(a):
Pn
k=0 k( 1)kWk = 13 (( 1)
n
((n+ 2)Wn+3   (3n+ 5)Wn+2 + 2nWn+1) +W2   2W1   2W0):
(b):
Pn
k=0 k( 1)kW2k = 125 (( 1)
n





k=0 k( 1)kW2k+1 = 125 (( 1)
n
((5n  3)W2n+2 + (5n+ 7)W2n+1 + (10n+ 9)W2n) + 3W2  
7W1   9W0):
From the last proposition, we have the following corollary which gives sum formulas of third-order Pell
numbers (take Wn = Pn with P0 = 0; P1 = 1; P2 = 1).
Corollary 2.15. For n  0; third-order Pell numbers have the following properties:
(a):
Pn
k=0 k( 1)kPk = 13 ( 1)
n
((n+ 2)Pn+3   (3n+ 5)Pn+2 + 2nPn+1):
(b):
Pn
k=0 k( 1)kP2k = 125 (( 1)
n
((10n+ 9)P2n+2   3 (5n+ 7)P2n+1   (5n+ 2)P2n) + 3):
(c):
Pn
k=0 k( 1)kP2k+1 = 125 (( 1)
n
((5n  3)P2n+2 + (5n+ 7)P2n+1 + (10n+ 9)P2n)  1):
Taking Wn = Qn with Q0 = 3; Q1 = 2; Q2 = 6 in the last proposition, we have the following corollary
which presents sum formulas of third-order Pell-Lucas numbers.
Corollary 2.16. For n  0; third-order Pell-Lucas numbers have the following properties:
(a):
Pn
k=0 k( 1)kQk = 13 (( 1)
n
((n+ 2)Qn+3   (3n+ 5)Qn+2 + 2nQn+1)  4):
(b):
Pn
k=0 k( 1)kQ2k = 125 (( 1)
n
((10n+ 9)Q2n+2   3 (5n+ 7)Q2n+1   (5n+ 2)Q2n)  6):
(c):
Pn
k=0 k( 1)kQ2k+1 = 125 (( 1)
n
((5n  3)Q2n+2 + (5n+ 7)Q2n+1 + (10n+ 9)Q2n)  23):
From the last proposition, we have the following corollary which gives sum formulas of third-order
modied Pell numbers (take Wn = En with E0 = 0; E1 = 1; E2 = 1).
Corollary 2.17. For n  0; third-order modied Pell numbers have the following properties:
(a):
Pn
k=0 k( 1)kEk = 13 (( 1)
n
((n+ 2)En+3   (3n+ 5)En+2 + 2nEn+1)  1):
(b):
Pn
k=0 k( 1)kE2k = 125 (( 1)
n
((10n+ 9)E2n+2   3 (5n+ 7)E2n+1   (5n+ 2)E2n) + 12):
(c):
Pn
k=0 k( 1)kE2k+1 = 125 (( 1)
n
((5n  3)E2n+2 + (5n+ 7)E2n+1 + (10n+ 9)E2n)  4):
Taking Wn = Rn with R0 = 3; R1 = 0; R2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of third-order Pell-Perrin numbers.
Corollary 2.18. For n  0; third-order Pell-Perrin numbers have the following properties:
(a):
Pn
k=0 k( 1)kRk = 13 (( 1)
n
((n+ 2)Rn+3   (3n+ 5)Rn+2 + 2nRn+1)  4):
(b):
Pn
k=0 k( 1)kR2k = 125 (( 1)
n
((10n+ 9)R2n+2   3 (5n+ 7)R2n+1   (5n+ 2)R2n)  12):
(c):
Pn
k=0 k( 1)kR2k+1 = 125 (( 1)
n
((5n  3)R2n+2 + (5n+ 7)R2n+1 + (10n+ 9)R2n)  21):
Taking r = 0; s = 1; t = 1 in Theorem 2.1, we obtain the following proposition.
Proposition 2.19. If r = 0; s = 1; t = 1 then for n  0 we have the following formulas:
(a):
Pn
k=0 k( 1)kWk = ( 1)
n
((n+ 2)Wn+3   (n+ 1)Wn+2   2Wn+1) +W2   2W0:
(b):
Pn
k=0 k( 1)kW2k = 125 (( 1)
n
((10n+ 1)W2n+2  (5n+ 3)W2n+1+(5n+ 8)W2n) W2+3W1 
8W0):
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(c):
Pn
k=0 k( 1)kW2k+1 = 125 (( 1)
n
(  (5n+ 3)W2n+2+(15n+ 9)W2n+1+(10n+ 1)W2n)+3W2 
9W1  W0):
From the last proposition, we have the following corollary which gives sum formulas of Padovan numbers
(take Wn = Pn with P0 = 1; P1 = 1; P2 = 1).
Corollary 2.20. For n  0; Padovan numbers have the following properties:
(a):
Pn
k=0 k( 1)kPk = ( 1)
n
((n+ 2)Pn+3   (n+ 1)Pn+2   2Pn+1)  1:
(b):
Pn
k=0 k( 1)kP2k = 125 (( 1)
n
((10n+ 1)P2n+2   (5n+ 3)P2n+1 + (5n+ 8)P2n)  6):
(c):
Pn
k=0 k( 1)kP2k+1 = 125 (( 1)
n
(  (5n+ 3)P2n+2 + (15n+ 9)P2n+1 + (10n+ 1)P2n)  7):
Taking Wn = En with E0 = 3; E1 = 0; E2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of Perrin numbers.
Corollary 2.21. For n  0; Perrin numbers have the following properties:
(a):
Pn
k=0 k( 1)kEk = ( 1)
n
((n+ 2)En+3   (n+ 1)En+2   2En+1)  4:
(b):
Pn
k=0 k( 1)kE2k = 125 (( 1)
n
((10n+ 1)E2n+2   (5n+ 3)E2n+1 + (5n+ 8)E2n)  26):
(c):
Pn
k=0 k( 1)kE2k+1 = 125 (( 1)
n
(  (5n+ 3)E2n+2 + (15n+ 9)E2n+1 + (10n+ 1)E2n) + 3):
From the last proposition, we have the following corollary which gives sum formulas of Padovan-Perrin
numbers (take Wn = Sn with S0 = 0; S1 = 0; S2 = 1).
Corollary 2.22. For n  0; Padovan-Perrin numbers have the following properties:
(a):
Pn
k=0 k( 1)kSk = ( 1)
n
((n+ 2)Sn+3   (n+ 1)Sn+2   2Sn+1) + 1:
(b):
Pn
k=0 k( 1)kS2k = 125 (( 1)
n
((10n+ 1)S2n+2   (5n+ 3)S2n+1 + (5n+ 8)S2n)  1):
(c):
Pn
k=0 k( 1)kS2k+1 = 125 (( 1)
n
(  (5n+ 3)S2n+2 + (15n+ 9)S2n+1 + (10n+ 1)S2n) + 3:
Taking Wn = An with A0 = 3; A1 = 1; A2 = 3 in the last proposition, we have the following corollary
which presents sum formulas of modied Padovan numbers.
Corollary 2.23. For n  0; modied Padovan numbers have the following properties:
(a):
Pn
k=0 k( 1)kAk = ( 1)
n
((n+ 2)An+3   (n+ 1)An+2   2An+1)  3:
(b):
Pn
k=0 k( 1)kA2k = 125 (( 1)
n
((10n+ 1)A2n+2   (5n+ 3)A2n+1 + (5n+ 8)A2n)  24):
(c):
Pn
k=0 k( 1)kA2k+1 = 125 (( 1)
n
(  (5n+ 3)A2n+2 + (15n+ 9)A2n+1 + (10n+ 1)A2n)  3):
Observe that setting x = 1; r = 0; s = 2; t = 1 (i.e. for the generalized Pell-Padovan case) in Theorem
2.1, (a) makes the right hand side of the sum formulas to be an indeterminate form. Application of LHospital
rule (using twice) however provides the evaluation of the sum formulas. If x =  1; r = 0; s = 2; t = 1 then we
have the following theorem (in fact taking r = 0; s = 2; t = 1 in Theorem 2.1 (a) and then using LHospital
rule twice for x = 1 we obtain the following theorem).
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Theorem 2.24. If r = 0; s = 2; t = 1 then for n  0 we have the following formulas:
(a):
Pn
k=0 k( 1)kWk = 12 (( 1)
n
( (n2+7n+22)Wn+3+(n2+5n+16)Wn+2+(n2+11n+32)Wn+1
)  16W2 + 12W1 + 22W0):
(b):
Pn
k=0 k( 1)kW2k = 120 (( 1)
n




k=0 k( 1)kW2k+1 = 120 (( 1)
n
(  (2n+ 1)W2n+2 + (6n+ 1)W2n + (14n+ 5)W2n+1) +W2  
5W1  W0):
Proof










For x =  1; the right hand side of the above sum formula is an indeterminate form. Now, we






















(( 1)n ( (n2 + 7n+ 22)Wn+3 + (n2 + 5n+ 16)Wn+2
+(n2 + 11n+ 32)Wn+1)  16W2 + 12W1 + 22W0):
(b): Taking x =  1,r = 0; s = 2; t = 1 in Theorem 2.1 (b) we obtain (b).
(c): Taking x =  1,r = 0; s = 2; t = 1 in Theorem 2.1 (c) we obtain (c). 
From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan numbers
(take Wn = Rn with R0 = 1; R1 = 1; R2 = 1).
Corollary 2.25. For n  0; Pell-Padovan numbers have the following properties:
(a):
Pn
k=0 k( 1)kRk = 12 (( 1)
n




k=0 k( 1)kR2k = 120 (( 1)
n
((6n+ 1)R2n+2   (2n+ 1)R2n+1 + (2n+ 3)R2n)  3):
(c):
Pn
k=0 k( 1)kR2k+1 = 120 (( 1)
n
(  (2n+ 1)R2n+2 + (6n+ 1)R2n + (14n+ 5)R2n+1)  5):
Taking Wn = Cn with C0 = 3; C1 = 0; C2 = 2 in the last theorem, we have the following corollary which
presents sum formulas of Pell-Perrin numbers.
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Corollary 2.26. For n  0; Pell-Perrin numbers have the following properties:
(a):
Pn
k=0 k( 1)kCk = 12 (( 1)
n




k=0 k( 1)kC2k = 120 (( 1)
n
((6n+ 1)C2n+2   (2n+ 1)C2n+1 + (2n+ 3)C2n)  11):
(c):
Pn
k=0 k( 1)kC2k+1 = 120 (( 1)
n
(  (2n+ 1)C2n+2 + (6n+ 1)C2n + (14n+ 5)C2n+1)  1):
From the last theorem, we have the following corollary which gives sum formulas of third order Fibonacci-
Pell numbers (take Wn = Gn with G0 = 1; G1 = 0; G2 = 2).
Corollary 2.27. For n  0; third order Fibonacci-Pell numbers have the following properties:
(a):
Pn






k=0 k( 1)kG2k = 120 (( 1)
n
((6n+ 1)G2n+2   (2n+ 1)G2n+1 + (2n+ 3)G2n)  5):
(c):
Pn
k=0 k( 1)kG2k+1 = 120 (( 1)
n
(  (2n+ 1)G2n+2 + (6n+ 1)G2n + (14n+ 5)G2n+1) + 1):
Taking Wn = Bn with B0 = 3; B1 = 0; B2 = 4 in the last theorem, we have the following corollary which
presents sum formulas of third order Lucas-Pell numbers.
Corollary 2.28. For n  0; third order Lucas-Pell numbers have the following properties:
(a):
Pn
k=0 k( 1)kBk = 12 (( 1)
n




k=0 k( 1)kB2k = 120 (( 1)
n
((6n+ 1)B2n+2   (2n+ 1)B2n+1 + (2n+ 3)B2n)  13):
(c):
Pn
k=0 k( 1)kB2k+1 = 120 (( 1)
n
(  (2n+ 1)B2n+2 + (6n+ 1)B2n + (14n+ 5)B2n+1) + 1):
Taking r = 0; s = 1; t = 2 in Theorem 2.1, we obtain the following proposition.
Proposition 2.29. If r = 0; s = 1; t = 2 then for n  1 we have the following formulas:
(a):
Pn
k=0 k( 1)kWk = 12 (( 1)
n
((n+ 1)Wn+3   nWn+2   2Wn+1) +W1   2W0):
(b):
Pn
k=0 k( 1)kW2k = 18 (( 1)
n
((2n  1)W2n+2   2nW2n+1 + 4 (n+ 1)W2n) +W2   4W0):
(c):
Pn
k=0 k( 1)kW2k+1 = 18 (( 1)
n
( 2nW2n+2+3 (2n+ 1)W2n+1+2 (2n  1)W2n)  3W1+2W0):
From the last proposition, we have the following corollary which gives sum formulas of Jacobsthal-
Padovan numbers (take Wn = Qn with Q0 = 1; Q1 = 1; Q2 = 1).
Corollary 2.30. For n  0; Jacobsthal-Padovan numbers have the following properties:
(a):
Pn
k=0 k( 1)kQk = 12 (( 1)
n
((n+ 1)Qn+3   nQn+2   2Qn+1)  1):
(b):
Pn
k=0 k( 1)kQ2k = 18 (( 1)
n
((2n  1)Q2n+2   2nQ2n+1 + 4 (n+ 1)Q2n)  3):
(c):
Pn
k=0 k( 1)kQ2k+1 = 18 (( 1)
n
( 2nQ2n+2 + 3 (2n+ 1)Q2n+1 + 2 (2n  1)Q2n)  1):
Taking Wn = Ln with L0 = 3; L1 = 0; L2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of Jacobsthal-Perrin numbers.
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Corollary 2.31. For n  0; Jacobsthal-Perrin numbers have the following properties:
(a):
Pn
k=0 k( 1)kLk = 12 (( 1)
n
((n+ 1)Ln+3   nLn+2   2Ln+1)  6):
(b):
Pn
k=0 k( 1)kL2k = 18 (( 1)
n
((2n  1)L2n+2   2nL2n+1 + 4 (n+ 1)L2n)  10):
(c):
Pn
k=0 k( 1)kL2k+1 = 18 (( 1)
n
( 2nL2n+2 + 3 (2n+ 1)L2n+1 + 2 (2n  1)L2n) + 6):
From the last proposition, we have the following corollary which gives sum formulas of adjusted Jacobsthal-
Padovan numbers (take Wn = Kn with K0 = 0;K1 = 1;K2 = 0).
Corollary 2.32. For n  0; adjusted Jacobsthal-Padovan numbers have the following properties:
(a):
Pn
k=0 k( 1)kKk = 12 (( 1)
n
((n+ 1)Kn+3   nKn+2   2Kn+1) + 1):
(b):
Pn
k=0 k( 1)kK2k = 18 ( 1)
n
((2n  1)K2n+2   2nK2n+1 + 4 (n+ 1)K2n):
(c):
Pn
k=0 k( 1)kK2k+1 = 18 (( 1)
n
( 2nK2n+2 + 3 (2n+ 1)K2n+1 + 2 (2n  1)K2n)  3):
Taking Wn =Mn with M0 = 3;M1 = 1;M2 = 3 in the last proposition, we have the following corollary
which presents sum formulas of modied Jacobsthal-Padovan numbers.
Corollary 2.33. For n  0; modied Jacobsthal-Padovan numbers have the following properties:
(a):
Pn
k=0 k( 1)kMk = 12 (( 1)
n
((n+ 1)Mn+3   nMn+2   2Mn+1)  5):
(b):
Pn
k=0 k( 1)kM2k = 18 (( 1)
n
((2n  1)M2n+2   2nM2n+1 + 4 (n+ 1)M2n)  9):
(c):
Pn
k=0 k( 1)kM2k+1 = 18 (( 1)
n
( 2nM2n+2 + 3 (2n+ 1)M2n+1 + 2 (2n  1)M2n) + 3):
Taking r = 1; s = 0; t = 1 in Theorem 2.1, we obtain the following proposition.
Proposition 2.34. If r = 1; s = 0; t = 1 then for n  0 we have the following formulas:
(a):
Pn
k=0 k( 1)kWk = 19 (( 1)
n
((6n+ 1)Wn+1+(3n+ 5)Wn+3 (6n+ 7)Wn+2)+2W2 W1 5W0):
(b):
Pn
k=0 k( 1)kW2k = ( 1)
n
((n+ 1)W2n+2   (n+ 2)W2n+1 +W2n) W2 + 2W1  W0:
(c):
Pn
k=0 k( 1)kW2k+1 = ( 1)
n
( W2n+2 +W2n+1 + (n+ 1)W2n) +W2  W1  W0:
From the last proposition, we have the following corollary which gives sum formulas of Narayana numbers
(take Wn = Nn with N0 = 0; N1 = 1; N2 = 1).
Corollary 2.35. For n  0; Narayana numbers have the following properties:
(a):
Pn
k=0 k( 1)kNk = 19 (( 1)
n
((6n+ 1)Nn+1 + (3n+ 5)Nn+3   (6n+ 7)Nn+2) + 1):
(b):
Pn
k=0 k( 1)kN2k = ( 1)
n
((n+ 1)N2n+2   (n+ 2)N2n+1 +N2n) + 1:
(c):
Pn
k=0 k( 1)kN2k+1 = ( 1)
n
( N2n+2 +N2n+1 + (n+ 1)N2n):
Taking Wn = Un with U0 = 3; U1 = 1; U2 = 1 in the last proposition, we have the following corollary
which presents sum formulas of Narayana-Lucas numbers.
Corollary 2.36. For n  0; Narayana-Lucas numbers have the following properties:
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(a):
Pn
k=0 k( 1)kUk = 19 (( 1)
n
((6n+ 1)Un+1 + (3n+ 5)Un+3   (6n+ 7)Un+2)  14):
(b):
Pn
k=0 k( 1)kU2k = ( 1)
n
((n+ 1)U2n+2   (n+ 2)U2n+1 + U2n)  2:
(c):
Pn
k=0 k( 1)kU2k+1 = ( 1)
n
( U2n+2 + U2n+1 + (n+ 1)U2n)  3:
From the last proposition, we have the following corollary which gives sum formulas of Narayana-Perrin
numbers (take Wn = Hn with H0 = 3;H1 = 0;H2 = 2).
Corollary 2.37. For n  0; Narayana-Perrin numbers have the following properties:
(a):
Pn
k=0 k( 1)kHk = 19 (( 1)
n
((6n+ 1)Hn+1 + (3n+ 5)Hn+3   (6n+ 7)Hn+2)  11):
(b):
Pn
k=0 k( 1)kH2k = ( 1)
n
((n+ 1)H2n+2   (n+ 2)H2n+1 +H2n)  5:
(c):
Pn
k=0 k( 1)kH2k+1 = ( 1)
n
( H2n+2 +H2n+1 + (n+ 1)H2n)  1:
Taking r = 1; s = 1; t = 2 in Theorem 2.1, we obtain the following proposition.
Proposition 2.38. If r = 1; s = 1; t = 2 then for n  0 we have the following formulas:
(a):
Pn
k=0 k( 1)kWk = 19 (( 1)
n
((3n+ 4)Wn+3 (6n+ 5)Wn+2+(3n  5)Wn+1)+W2+W1 8W0):
(b):
Pn
k=0 k( 1)kW2k = 125 (( 1)
n




k=0 k( 1)kW2k+1 = 125 (( 1)
n
(  (5n+ 6)W2n+2 + (20n+ 19)W2n+1 + 2 (10n  3)W2n) +
6W2   19W1 + 6W0):
From the last proposition, we have the following corollary which gives sum formulas of third order
Jacobsthal numbers (take Wn = Jn with J0 = 0; J1 = 1; J2 = 1).
Corollary 2.39. For n  0; third order Jacobsthal numbers have the following properties:
(a):
Pn
k=0 k( 1)kJk = 19 (( 1)
n
((3n+ 4) Jn+3   (6n+ 5) Jn+2 + (3n  5) Jn+1) + 2):
(b):
Pn
k=0 k( 1)kJ2k = 125 (( 1)
n
((10n  3) J2n+2   3 (5n+ 1) J2n+1 + 2 (5n+ 11) J2n) + 6):
(c):
Pn
k=0 k( 1)kJ2k+1 = 125 (( 1)
n
(  (5n+ 6) J2n+2 + (20n+ 19) J2n+1 + 2 (10n  3) J2n)  13):
Taking Wn = jn with j0 = 2; j1 = 1; j2 = 5 in the last proposition, we have the following corollary which
presents sum formulas of third order Jacobsthal-Lucas numbers.
Corollary 2.40. For n  0; third order Jacobsthal-Lucas numbers have the following properties:
(a):
Pn
k=0 k( 1)kjk = 19 (( 1)
n
((3n+ 4) jn+3   (6n+ 5) jn+2 + (3n  5) jn+1)  10):
(b):
Pn
k=0 k( 1)kj2k = 125 (( 1)
n
((10n  3) j2n+2   3 (5n+ 1) j2n+1 + 2 (5n+ 11) j2n)  26):
(c):
Pn
k=0 k( 1)kj2k+1 = 125 (( 1)
n
(  (5n+ 6) j2n+2 + (20n+ 19) j2n+1 + 2 (10n  3) j2n) + 23):
From the last proposition, we have the following corollary which gives sum formulas of modied third
order Jacobsthal-Lucas numbers (take Wn = Kn with K0 = 3;K1 = 1;K2 = 3).
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k=0 k( 1)kKk = 19 (( 1)
n
((3n+ 4)Kn+3   (6n+ 5)Kn+2 + (3n  5)Kn+1)  20):
(b):
Pn
k=0 k( 1)kK2k = 125 (( 1)
n
((10n  3)K2n+2   3 (5n+ 1)K2n+1 + 2 (5n+ 11)K2n)  54):
(c):
Pn
k=0 k( 1)kK2k+1 = 125 (( 1)
n
(  (5n+ 6)K2n+2 + (20n+ 19)K2n+1 + 2 (10n  3)K2n) + 17):
Taking Wn = Qn with Q0 = 3; Q1 = 0; Q2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of third order Jacobsthal-Perrin numbers.
Corollary 2.42. For n  0; third order Jacobsthal-Perrin numbers have the following properties:
(a):
Pn
k=0 k( 1)kQk = 19 (( 1)
n
((3n+ 4)Qn+3   (6n+ 5)Qn+2 + (3n  5)Qn+1)  22):
(b):
Pn
k=0 k( 1)kQ2k = 125 (( 1)
n
((10n  3)Q2n+2   3 (5n+ 1)Q2n+1 + 2 (5n+ 11)Q2n)  60):
(c):
Pn
k=0 k( 1)kQ2k+1 = 125 (( 1)
n
(  (5n+ 6)Q2n+2 + (20n+ 19)Q2n+1 + 2 (10n  3)Q2n) + 30):
Taking r = 2; s = 3; t = 5 in Theorem 2.1, we obtain the following proposition.
Proposition 2.43. If r = 2; s = 3; t = 5 then for n  0 we have the following formulas:
(a):
Pn
k=0 k( 1)kWk = 125 (( 1)
n
((5n+ 4)Wn+3  (15n+ 7)Wn+2 20Wn+1) W2+8W1 20W0):
(b):
Pn
k=0 k( 1)kW2k = 1625 (( 1)
n
((100n  77)W2n+2 11 (25n  13)W2n+1+5 (75n+ 86)W2n)+
77W2   143W1   430W0):
(c):
Pn
k=0 k( 1)kW2k+1 = 1625 (( 1)
n
(  (75n+ 11)W2n+2+(675n+ 199)W2n+1+5 (100n  77)W2n)+
11W2   199W1 + 385W0):
From the last proposition, we have the following corollary which gives sum formulas of 3-primes numbers
(take Wn = Gn with G0 = 0; G1 = 1; G2 = 2).
Corollary 2.44. For n  0; 3-primes numbers have the following properties:
(a):
Pn
k=0 k( 1)kGk = 125 (( 1)
n
((5n+ 4)Gn+3   (15n+ 7)Gn+2   20Gn+1) + 6):
(b):
Pn
k=0 k( 1)kG2k = 1625 (( 1)
n




k=0 k( 1)kG2k+1 = 1625 (( 1)
n
(  (75n+ 11)G2n+2+(675n+ 199)G2n+1+5 (100n  77)G2n) 
177):
Taking Wn = Hn with H0 = 3;H1 = 2;H2 = 10 in the last proposition, we have the following corollary
which presents sum formulas of Lucas 3-primes numbers.
Corollary 2.45. For n  0; Lucas 3-primes numbers have the following properties:
(a):
Pn
k=0 k( 1)kHk = 125 (( 1)
n
((5n+ 4)Hn+3   (15n+ 7)Hn+2   20Hn+1)  54):
(b):
Pn
k=0 k( 1)kH2k = 1625 (( 1)
n
((100n  77)H2n+2   11 (25n  13)H2n+1 + 5 (75n+ 86)H2n) 
806):
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(c):
Pn
k=0 k( 1)kH2k+1 = 1625 (( 1)
n
(  (75n+ 11)H2n+2+(675n+ 199)H2n+1+5 (100n  77)H2n)+
867):
From the last proposition, we have the following corollary which gives sum formulas of modied 3-primes
numbers (take Wn = En with E0 = 0; E1 = 1; E2 = 1).
Corollary 2.46. For n  0; modied 3-primes numbers have the following properties:
(a):
Pn
k=0 k( 1)kEk = 125 (( 1)
n
((5n+ 4)En+3   (15n+ 7)En+2   20En+1) + 7):
(b):
Pn
k=0 k( 1)kE2k = 1625 (( 1)
n




k=0 k( 1)kE2k+1 = 1625 (( 1)
n
(  (75n+ 11)E2n+2+(675n+ 199)E2n+1+5 (100n  77)E2n) 
188):
Taking r = 5; s = 3; t = 2 in Theorem 2.1, we obtain the following proposition.
Proposition 2.47. If r = 5; s = 3; t = 2 then for n  0; we have the following formulas:
(a):
Pn
k=0 k( 1)kWk = 15 (( 1)
n
((n+ 2)Wn+3 (6n+ 11)Wn+2+(3n  1)Wn+1)+W2 5W1 4W0):
(b):
Pn
k=0 k( 1)kW2k = 1625 (( 1)
n
((100n+ 91)W2n+2 17 (25n+ 29)W2n+1 2 (75n+ 37)W2n) 
91W2 + 493W1 + 74W0):
(c):
Pn
k=0 k( 1)kW2k+1 = 1625 (( 1)
n
((75n  38)W2n+2+(150n+ 199)W2n+1+2 (100n+ 91)W2n)+
38W2   199W1   182W0):
From the last proposition, we have the following corollary which gives sum formulas of reverse 3-primes
numbers (take Wn = Nn with N0 = 0; N1 = 1; N2 = 5).
Corollary 2.48. For n  0; reverse 3-primes numbers have the following properties:
(a):
Pn
k=0 k( 1)kNk = 15 ( 1)
n
((n+ 2)Nn+3   (6n+ 11)Nn+2 + (3n  1)Nn+1):
(b):
Pn
k=0 k( 1)kN2k = 1625 (( 1)
n




k=0 k( 1)kN2k+1 = 1625 (( 1)
n
((75n  38)N2n+2+(150n+ 199)N2n+1+2 (100n+ 91)N2n) 
9):
Taking Wn = Sn with S0 = 3; S1 = 5; S2 = 31 in the last proposition, we have the following corollary
which presents sum formulas of reverse Lucas 3-primes numbers.
Corollary 2.49. For n  0; reverse Lucas 3-primes numbers have the following properties:
(a):
Pn
k=0 k( 1)kSk = 15 (( 1)
n
((n+ 2)Sn+3   (6n+ 11)Sn+2 + (3n  1)Sn+1)  6):
(b):
Pn
k=0 k( 1)kS2k = 1625 (( 1)
n





k=0 k( 1)kS2k+1 = 1625 (( 1)
n
((75n  38)S2n+2 + (150n+ 199)S2n+1 + 2 (100n+ 91)S2n)  
363):
From the last proposition, we have the following corollary which gives sum formulas of reverse modied
3-primes numbers (take Wn = Un with U0 = 0; U1 = 1; U2 = 4).
Corollary 2.50. For n  0; reverse modied 3-primes numbers have the following properties:
(a):
Pn
k=0 k( 1)kUk = 15 (( 1)
n
((n+ 2)Un+3   (6n+ 11)Un+2 + (3n  1)Un+1)  1):
(b):
Pn
k=0 k( 1)kU2k = 1625 (( 1)
n




k=0 k( 1)kU2k+1 = 1625 (( 1)
n
((75n  38)U2n+2 + (150n+ 199)U2n+1 + 2 (100n+ 91)U2n) 
47):
2.4. The Case x = i. We now consider the complex case x = i in Theorem 2.1. Taking x = i; r = s =
t = 1 in Theorem 2.1, we obtain the following proposition.







n(i (2n+ 4  2i)Wn+3+((2  2i)n  6i)Wn+2 i ((4  2i)n+ 2  6i)Wn+1) 







n(i (4in+ 4 + 4i)W2n+2 + 2 ((2  2i)n+ 2  4i)W2n+1 + (4n+ 8)W2n) +







n((4 + 4i)W2n+1 i (4n+ 4)W2n+2+(4i  4  4n)W2n)+4iW2 (4 + 4i)W1+
(4  4i)W0):
From the above proposition, we have the following corollary which gives sum formulas of Tribonacci
numbers (take Wn = Tn with T0 = 0; T1 = 1; T2 = 1).






















n((4 + 4i)T2n+1   i (4n+ 4)T2n+2 + (4i  4  4n)T2n)  4):
Taking Wn = Kn with K0 = 3;K1 = 1;K2 = 3 in the last proposition, we have the following corollary
which presents sum formulas of Tribonacci-Lucas numbers.







n(i (2n+ 4  2i)Kn+3+((2  2i)n  6i)Kn+2 i ((4  2i)n+ 2  6i)Kn+1) 
8  8i):















n((4 + 4i)K2n+1   i (4n+ 4)K2n+2 + (4i  4  4n)K2n) + 8  4i):
From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin
numbers (take Wn =Mn with M0 = 3;M1 = 0;M2 = 2).























n((4 + 4i)M2n+1   i (4n+ 4)M2n+2 + (4i  4  4n)M2n) + 12  4i):
Taking Wn = Un with U0 = 1; U1 = 1; U2 = 1 in the last proposition, we have the following corollary
which presents sum formulas of modied Tribonacci numbers.






















n((4 + 4i)U2n+1   i (4n+ 4)U2n+2 + (4i  4  4n)U2n)  4i):
From the last proposition, we have the following corollary which gives sum formulas of modied Tribonacci-
Lucas numbers (take Wn = Gn with G0 = 4; G1 = 4; G2 = 10).























n((4 + 4i)G2n+1   i (4n+ 4)G2n+2 + (4i  4  4n)G2n) + 8i):
Taking Wn = Hn with H0 = 4;H1 = 2;H2 = 0 in the last proposition, we have the following corollary
which presents sum formulas of adjusted Tribonacci-Lucas numbers.
























n((4 + 4i)H2n+1   i (4n+ 4)H2n+2 + (4i  4  4n)H2n) + 8  24i):
Corresponding sums of the other third order linear sequences can be calculated similarly when x = i.
3. Sum Formulas of Generalized Tribonacci Numbers with Negative Subscripts
The following Theorem presents some sum formulas (identities) of generalized Tribonacci numbers with
negative subscripts.
Theorem 3.1. Let x be a complex number. For n  1; we have the following formulas:





(t+ rx2 + sx  x3)2





(2sx2   s2x+ r2x2 + t2   x3 + 2rtx)2
and




















2 =  xn+2(n(t+ sx)(t+ rx2 + sx  x3) + rsx3 + 2s2x2 + tx3 + 4stx+ 2t2)W n 2;
3 =  txn+3(n(t+ rx2 + sx  x3) + rx2 + 2sx+ 3t)W n 3;
4 = +x(t  rx2 + 2x3)W2;
5 = +x( 2rx3 + sx2 + r2x2   rt+ 2tx+ x4)W1;
6 = +tx( s  2rx+ 3x2)W0;
1 =  xn+1(n(t+rx)(2sx2 s2x+r2x2+ t2 x3+2rtx)+rx4+2tx3+2rt2x rs2x2+r2tx2 
2stx2 + t3)W 2n+1;
2 = +x
n+1(n(r2x+ rt+ sx  x2)(2sx2   s2x+ r2x2 + t2   x3 + 2rtx)  sx4 + 2s2x3   s3x2  
2rtx3 + 2st2x+ 2r2t2x+ r3tx2   3t2x2   r2s2x2 + rt3)W 2n;
3 = +tx
n+1(n(s x)(2sx2  s2x+ r2x2+ t2 x3+2rtx)+ st2+2sx3  2t2x  2rtx2  r2sx2 
s2x2   x4)W 2n 1;
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4 = +x( st2   2sx3 + 2t2x+ s2x2 + x4 + 2rtx2 + r2sx2)W2;
5 = +x(t+ rs)( 2sx2   r2x2 + t2 + 2x3)W1;
6 =  tx(rt2   s2t  2rx3   3tx2 + r3x2 + 2rsx2 + 2r2tx+ 4stx)W0;
1 = x
n+2(n(s   x)(2sx2   s2x + r2x2 + t2   x3 + 2rtx) + 2st2 + 2rstx   sx3   s3x   3t2x  
4rtx2   r2x3 + 2s2x2)W 2n+1;
2 =  xn+2(t+ rs)(n(2sx2   s2x+ r2x2 + t2   x3 + 2rtx) + 2rtx  s2x+ 2t2 + x3)W 2n;
3 =  txn+1(n(t+ rx)(2sx2  s2x+ r2x2+ t2  x3+2rtx)+ rx4+2tx3+ t3+2rt2x  rs2x2+
r2tx2   2stx2)W 2n 1;
4 = +x(rx
4 + 2tx3 + t3 + 2rt2x  2stx2   rs2x2 + r2tx2)W2;
5 =  x(rt3   sx4 + 2s2x3   s3x2   3t2x2   r2s2x2   2rtx3 + 2st2x+ 2r2t2x+ r3tx2)W1;
6 = +tx( st2   2sx3 + 2t2x+ s2x2 + x4 + 2rtx2 + r2sx2)W0:
Proof.
(a): Using the recurrence relation

























nW n+3   rnxnW n+2   snxnW n+1
t(n  1)xn 1W n+1 = (n  1)xn 1W n+4   r(n  1)xn 1W n+3   s(n  1)xn 1W n+2
t(n  2)xn 2W n+2 = (n  2)xn 2W n+5   r(n  2)xn 2W n+4   s(n  2)xn 2W n+3
...
t 3 x3W 3 = 3 x3W0   r  3 x3W 1   s 3 x3W 2
t 2 x2W 2 = 2 x2W1   r  2 x2W0   s 2 x2W 1
t 1 x1W 1 = 1 x1W2   r  1 x1W1   s 1 x1W0
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If we add the equations side by side, we get
t((n+ 1)xn+1W n 1 + (n+ 2)x





= (1 x1W2 + 2 x2W1 + 3 x3W0 +
nX
k=1
(k + 3)xk+3W k)  r((n+ 3)xn+3W n 1








Then, using Theorem 1.2 (a) and solving (3.1), the required result of (a) follows.
(b) and (c): Using the recurrence relation
W n+3 = rW n+2 + sW n+1 + tW n
i.e.
sW n+1 =W n+3   rW n+2   tW n
we obtain
snxnW 2n+1 = nx
nW 2n+3   rnxnW 2n+2   tnxnW 2n
s(n  1)xn 1W 2n+3 = (n  1)xn 1W 2n+5   r(n  1)xn 1W 2n+4   t(n  1)xn 1W 2n+2
s(n  2)xn 2W 2n+5 = (n  2)xn 2W 2n+7   r(n  2)xn 2W 2n+6   t(n  2)xn 2W 2n+4
s(n  3)xn 3W 2n+7 = (n  3)xn 3W 2n+9   r(n  3)xn 3W 2n+8   t(n  3)xn 3W 2n+6
...
s 3 x3W 5 = 3 x3W 3   r  3 x3W 4   t 3 x3W 6
s 2 x2W 3 = 2 x2W 1   r  2 x2W 2   t 2 x2W 4
s 1 x1W 1 = 1 x1W1   r  1 x1W0   t 1 x1W 2




kxkW 2k+1 = ( (n+ 1)xn+1W 2n+1 + 1 x1W1 +
nX
k=1
(k + 1)xk+1W 2k+1) (3.2)
 r( (n+ 1)xn+1W 2n + 1 x1W0 +
nX
k=1




Similarly, using the recurrence relation
W n+3 = rW n+2 + sW n+1 + tW n
i.e.
sW n+1 =W n+3   rW n+2   tW n
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we obtain
snxnW 2n = nx
nW 2n+2   rnxnW 2n+1   tnxnW 2n 1
s(n  1)xn 1W 2n+2 = (n  1)xn 1W 2n+4   r(n  1)xn 1W 2n+3   t(n  1)xn 1W 2n+1
s(n  2)xn 2W 2n+4 = (n  2)xn 2W 2n+6   r(n  2)xn 2W 2n+5   t(n  2)xn 2W 2n+3
...
s 4 x4W 8 = 4n x4W 6   r  4 x4W 7   t 4 x4W 9
s 3 x3W 6 = 3 x3W 4   r  3 x3W 5   t 3 x3W 7
s 2 x2W 4 = 2 x2W 2   r  2 x2W 3   t 2 x2W 5
s 1 x1W 2 = 1 x1W0   r  1 x1W 1   t 1 x1W 3




kxkW 2k = ( (n+ 1)xn+1W 2n + 1 x1W0 +
nX
k=1








Then, using Theorem 1.2 (b) and (c) and solving system (3.2)-(3.3) the required result of (b)
and (c) follow. 









kW 2k+1 for the specic case of sequence fWng:
3.2. The Case x = 1. We now consider the case x = 1 in Theorem 3.1. In this subsection, we only
consider the case x = 1; r = 0; s = 2; t = 1 (this special case was not given in [36] because we can not use
Theorem 3.1 directly). Observe that setting x = 1; r = 0; s = 2; t = 1 (i.e. for the generalized Pell-Padovan
case) in Theorem 3.1, (b) and (c) make the right hand side of the sum formulas to be an indeterminate form.
Application of LHospital rule (using twice) however provides the evaluation of the sum formulas. If x = 1;
r = 0; s = 2; t = 1 then we have the following theorem (in fact taking r = 0; s = 2; t = 1 in Theorem 3.1 and
then using LHospital rule twice for x = 1 we obtain the following theorem).















2 ((n+ 1) (n  2)W 2n+1   n (n+ 1)W 2n   n (n  1)W 2n 1 + 2W1):
Proof
(a): We use Theorem 3.1 (a). If we set x = 1; r = 0; s = 2; t = 1 in Theorem 3.1 (a) then we have (a).
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( x3 + 4x2   4x+ 1)2
where
g3(x) =  xn+1(n( x3+4x2  4x+1)  4x2+2x3+1)W 2n+1+xn+1(4x  11x2+8x3  2x4+
n(2x  x2)( x3 + 4x2   4x+ 1))W 2n   xn+1(2x+ 4x2   4x3 + x4 + n (x  2) ( x3 + 4x2   4x+
1)  2)W 2n 1 + x(x4   4x3 + 4x2 + 2x  2)W2 + x(2x3   4x2 + 1)W1 + x(3x2   8x+ 4)W0:
For x = 1; the right hand side of the above sum formula is an indeterminate form. Now, we




















( n (n  1)W 2n+1 + (n+ 1) (n  2)W 2n + n (n  3)W 2n 1 + 2W0):





( x3 + 4x2   4x+ 1)2
where
g4(x) =  xn+2(n (x  2) ( x3 +4x2   4x+1)+ 11x  8x2 +2x3   4)W 2n+1   xn+2(n( x3 +
4x2   4x + 1)   4x + x3 + 2)W 2n   xn+1(n( x3 + 4x2   4x + 1)   4x2 + 2x3 + 1)W 2n 1 +
x(2x3   4x2 + 1)W2 + x(2x4   8x3 + 11x2   4x)W1 + x(x4   4x3 + 4x2 + 2x  2)W0:
For x = 1; the right hand side of the above sum formula is an indeterminate form. Now, we




















((n+ 1) (n  2)W 2n+1   n (n+ 1)W 2n   n (n  1)W 2n 1 + 2W1):

From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan numbers
(take Wn = Rn with R0 = 1; R1 = 1; R2 = 1).










2 ( n (n  1)R 2n+1 + (n+ 1) (n  2)R 2n + n (n  3)R 2n 1 + 2):





2 ((n+ 1) (n  2)R 2n+1   n (n+ 1)R 2n   n (n  1)R 2n 1 + 2):
Taking Wn = Cn with C0 = 3; C1 = 0; C2 = 2 in the last theorem, we have the following corollary which
presents sum formulas of Pell-Perrin numbers.















2 ((n+ 1) (n  2)C 2n+1   n (n+ 1)C 2n   n (n  1)C 2n 1):
From the last theorem, we have the following corollary which gives sum formulas of third order Fibonacci-
Pell numbers (take Wn = Gn with G0 = 1; G1 = 0; G2 = 2).















2 ((n+ 1) (n  2)G 2n+1   n (n+ 1)G 2n   n (n  1)G 2n 1):
Taking Wn = Bn with B0 = 3; B1 = 0; B2 = 4 in the last theorem, we have the following corollary which
presents sum formulas of third order Lucas-Pell numbers.















2 ((n+ 1) (n  2)B 2n+1   n (n+ 1)B 2n   n (n  1)B 2n 1):
3.3. The Case x =  1. We now consider the case x =  1 in Theorem 3.1. Taking r = s = t = 1 in
Theorem 3.1, we obtain the following proposition.
Proposition 3.7. If r = s = t = 1 then for n  1 we have the following formulas:
(a):
Pn
k=1 k( 1)kW k = 12 (( 1)
n
(nW n 1 +W n 2 + (n+ 1)W n 3) +W2  W1   2W0):
(b):
Pn
k=1 k( 1)kW 2k = 14 (( 1)
n
( W 2n+1+2 (n+ 1)W 2n (2n  1)W 2n 1) W2+2W1 W0):
(c):
Pn
k=1 k( 1)kW 2k+1 = 14 (( 1)
n
((2n+ 1)W 2n+1   2nW 2n  W 2n 1) +W2   2W1  W0):
From the above proposition, we have the following corollary which gives sum formulas of Tribonacci
numbers (take Wn = Tn with T0 = 0; T1 = 1; T2 = 1).
Corollary 3.8. For n  1; Tribonacci numbers have the following properties:
(a):
Pn
k=1 k( 1)kT k = 12 ( 1)
n
(nT n 1 + T n 2 + (n+ 1)T n 3):
(b):
Pn
k=1 k( 1)kT 2k = 14 (( 1)
n
( T 2n+1 + 2 (n+ 1)T 2n   (2n  1)T 2n 1) + 1):
(c):
Pn
k=1 k( 1)kT 2k+1 = 14 (( 1)
n
((2n+ 1)T 2n+1   2nT 2n   T 2n 1)  1):
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Taking Wn = Kn with K0 = 3;K1 = 1;K2 = 3 in the last proposition, we have the following corollary
which presents sum formulas of Tribonacci-Lucas numbers.
Corollary 3.9. For n  1; Tribonacci-Lucas numbers have the following properties:
(a):
Pn
k=1 k( 1)kK k = 12 (( 1)
n
(nK n 1 +K n 2 + (n+ 1)K n 3)  4):
(b):
Pn
k=1 k( 1)kK 2k = 14 (( 1)
n
( K 2n+1 + 2 (n+ 1)K 2n   (2n  1)K 2n 1)  4):
(c):
Pn
k=1 k( 1)kK 2k+1 = 14 (( 1)
n
((2n+ 1)K 2n+1   2nK 2n  K 2n 1)  2):
From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin
numbers (take Wn =Mn with M0 = 3;M1 = 0;M2 = 2).
Corollary 3.10. For n  1; Tribonacci-Perrin numbers have the following properties:
(a):
Pn
k=1 k( 1)kM k = 12 (( 1)
n
(nM n 1 +M n 2 + (n+ 1)M n 3)  4):
(b):
Pn
k=1 k( 1)kM 2k = 14 (( 1)
n
( M 2n+1 + 2 (n+ 1)M 2n   (2n  1)M 2n 1)  5):
(c):
Pn
k=1 k( 1)kM 2k+1 = 14 (( 1)
n
((2n+ 1)M 2n+1   2nM 2n  M 2n 1)  1):
Taking Wn = Un with U0 = 1; U1 = 1; U2 = 1 in the last proposition, we have the following corollary
which presents sum formulas of modied Tribonacci numbers.
Corollary 3.11. For n  1; modied Tribonacci numbers have the following properties:
(a):
Pn
k=1 k( 1)kU k = 12 (( 1)
n
(nU n 1 + U n 2 + (n+ 1)U n 3)  2):
(b):
Pn
k=1 k( 1)kU 2k = 14 ( 1)
n
( U 2n+1 + 2 (n+ 1)U 2n   (2n  1)U 2n 1):
(c):
Pn
k=1 k( 1)kU 2k+1 = 14 (( 1)
n
((2n+ 1)U 2n+1   2nU 2n   U 2n 1)  2):
From the last proposition, we have the following corollary which gives sum formulas of modied Tribonacci-
Lucas numbers (take Wn = Gn with G0 = 4; G1 = 4; G2 = 10).
Corollary 3.12. For n  1; modied Tribonacci-Lucas numbers have the following properties:
(a):
Pn
k=1 k( 1)kG k = 12 (( 1)
n
(nG n 1 +G n 2 + (n+ 1)G n 3)  2):
(b):
Pn
k=1 k( 1)kG 2k = 14 (( 1)
n
( G 2n+1 + 2 (n+ 1)G 2n   (2n  1)G 2n 1)  6):
(c):
Pn
k=1 k( 1)kG 2k+1 = 14 (( 1)
n
((2n+ 1)G 2n+1   2nG 2n  G 2n 1)  2):
Taking Wn = Hn with H0 = 4;H1 = 2;H2 = 0 in the last proposition, we have the following corollary
which presents sum formulas of adjusted Tribonacci-Lucas numbers.
Corollary 3.13. For n  1; adjusted Tribonacci-Lucas numbers have the following properties:
(a):
Pn
k=1 k( 1)kH k = 12 (( 1)
n
(nH n 1 +H n 2 + (n+ 1)H n 3)  10):
(b):
Pn
k=1 k( 1)kH 2k = 14 ( 1)
n
( H 2n+1 + 2 (n+ 1)H 2n   (2n  1)H 2n 1):
(c):
Pn
k=1 k( 1)kH 2k+1 = 14 (( 1)
n
((2n+ 1)H 2n+1   2nH 2n  H 2n 1)  8):
Taking r = 2; s = 1; t = 1 in Theorem 3.1, we obtain the following proposition.
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Proposition 3.14. If r = 2; s = 1; t = 1 then for n  1 we have the following formulas:
(a):
Pn
k=1 k( 1)kW k = 13 (( 1)
n
((2n+ 1)W n 1 +W n 2 + (n+ 1)W n 3) +W2   2W1   2W0):
(b):
Pn
k=1 k( 1)kW 2k = 125 (( 1)
n
(  (5n+ 3)W 2n+1 + (20n+ 7)W 2n   (10n  9)W 2n 1)  
9W2 + 21W1 + 2W0):
(c):
Pn
k=1 k( 1)kW 2k+1 = 125 (( 1)
n
((10n+ 1)W 2n+1   3 (5n  2)W 2n   (5n+ 3)W 2n 1) +
3W2   7W1   9W0):
From the last proposition, we have the following corollary which gives sum formulas of Third-order Pell
numbers (take Wn = Pn with P0 = 0; P1 = 1; P2 = 1).
Corollary 3.15. For n  1; third-order Pell numbers have the following properties:
(a):
Pn
k=1 k( 1)kP k = 13 ( 1)
n
((2n+ 1)P n 1 + P n 2 + (n+ 1)P n 3):
(b):
Pn
k=1 k( 1)kP 2k = 125 (( 1)
n
(  (5n+ 3)P 2n+1 + (20n+ 7)P 2n   (10n  9)P 2n 1) + 3):
(c):
Pn
k=1 k( 1)kP 2k+1 = 125 (( 1)
n
((10n+ 1)P 2n+1   3 (5n  2)P 2n   (5n+ 3)P 2n 1)  1):
Taking Wn = Qn with Q0 = 3; Q1 = 2; Q2 = 6 in the last proposition, we have the following corollary
which presents sum formulas of third-order Pell-Lucas numbers.
Corollary 3.16. For n  1; third-order Pell-Lucas numbers have the following properties:
(a):
Pn
k=1 k( 1)kQ k = 13 (( 1)
n
((2n+ 1)Q n 1 +Q n 2 + (n+ 1)Q n 3)  4):
(b):
Pn
k=1 k( 1)kQ 2k = 125 (( 1)
n
(  (5n+ 3)Q 2n+1 + (20n+ 7)Q 2n   (10n  9)Q 2n 1)  6):
(c):
Pn
k=1 k( 1)kQ 2k+1 = 125 (( 1)
n
((10n+ 1)Q 2n+1 3 (5n  2)Q 2n  (5n+ 3)Q 2n 1) 23):
From the last proposition, we have the following corollary which gives sum formulas of third-order
modied Pell numbers (take Wn = En with E0 = 0; E1 = 1; E2 = 1).
Corollary 3.17. For n  1; third-order modied Pell numbers have the following properties:
(a):
Pn
k=1 k( 1)kE k = 13 (( 1)
n
((2n+ 1)E n 1 + E n 2 + (n+ 1)E n 3)  1):
(b):
Pn
k=1 k( 1)kE 2k = 125 (( 1)
n
(  (5n+ 3)E 2n+1 + (20n+ 7)E 2n   (10n  9)E 2n 1) + 12):
(c):
Pn
k=1 k( 1)kE 2k+1 = 125 (( 1)
n
((10n+ 1)E 2n+1   3 (5n  2)E 2n   (5n+ 3)E 2n 1)  4):
Taking Wn = Rn with R0 = 3; R1 = 0; R2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of third-order Pell-Perrin numbers.
Corollary 3.18. For n  1; third-order Pell-Perrin numbers have the following properties:
(a):
Pn
k=1 k( 1)kR k = 13 (( 1)
n
((2n+ 1)R n 1 +R n 2 + (n+ 1)R n 3)  4):
(b):
Pn
k=1 k( 1)kR 2k = 125 (( 1)
n
(  (5n+ 3)R 2n+1+ (20n+ 7)R 2n  (10n  9)R 2n 1)  12):
(c):
Pn
k=1 k( 1)kR 2k+1 = 125 (( 1)
n
((10n+ 1)R 2n+1  3 (5n  2)R 2n  (5n+ 3)R 2n 1)  21):
Taking r = 0; s = 1; t = 1 in Theorem 3.1, we obtain the following proposition.
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Proposition 3.19. If r = 0; s = 1; t = 1 then for n  1 we have the following formulas:
(a):
Pn
k=1 k( 1)kW k = ( 1)
n
( W n 1 +W n 2 + (n+ 1)W n 3) +W2   2W0:
(b):
Pn
k=1 k( 1)kW 2k = 125 (( 1)
n




k=1 k( 1)kW 2k+1 = 125 (( 1)
n
((10n+ 9)W 2n+1 (5n+ 2)W 2n+(5n  3)W 2n 1)+3W2 
9W1  W0):
From the last proposition, we have the following corollary which gives sum formulas of Padovan numbers
(take Wn = Pn with P0 = 1; P1 = 1; P2 = 1).
Corollary 3.20. For n  1; Padovan numbers have the following properties:
(a):
Pn
k=1 k( 1)kP k = ( 1)
n
( P n 1 + P n 2 + (n+ 1)P n 3)  1:
(b):
Pn
k=1 k( 1)kP 2k = 125 (( 1)
n
((5n  3)P 2n+1 + (10n+ 9)P 2n   (10n  1)P 2n 1)  6):
(c):
Pn
k=1 k( 1)kP 2k+1 = 125 (( 1)
n
((10n+ 9)P 2n+1   (5n+ 2)P 2n + (5n  3)P 2n 1)  7:
Taking Wn = En with E0 = 3; E1 = 0; E2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of Perrin numbers. :
Corollary 3.21. For n  1; Perrin numbers have the following properties:
(a):
Pn
k=1 k( 1)kE k = ( 1)
n
( E n 1 + E n 2 + (n+ 1)E n 3)  4:
(b):
Pn
k=1 k( 1)kE 2k = 125 (( 1)
n
((5n  3)E 2n+1 + (10n+ 9)E 2n   (10n  1)E 2n 1)  26):
(c):
Pn
k=1 k( 1)kE 2k+1 = 125 (( 1)
n
((10n+ 9)E 2n+1   (5n+ 2)E 2n + (5n  3)E 2n 1) + 3):
From the last proposition, we have the following corollary which gives sum formulas of Padovan-Perrin
numbers (take Wn = Sn with S0 = 0; S1 = 0; S2 = 1).
Corollary 3.22. For n  1; Padovan-Perrin numbers have the following properties:
(a):
Pn
k=1 k( 1)kS k = ( 1)
n
( S n 1 + S n 2 + (n+ 1)S n 3) + 1:
(b):
Pn
k=1 k( 1)kS 2k = 125 (( 1)
n
((5n  3)S 2n+1 + (10n+ 9)S 2n   (10n  1)S 2n 1)  1):
(c):
Pn
k=1 k( 1)kS 2k+1 = 125 (( 1)
n
((10n+ 9)S 2n+1   (5n+ 2)S 2n + (5n  3)S 2n 1) + 3):
Taking Wn = An with A0 = 3; A1 = 1; A2 = 3 in the last proposition, we have the following corollary
which presents sum formulas of modied Padovan numbers.
Corollary 3.23. For n  1; modied Padovan numbers have the following properties:
(a):
Pn
k=1 k( 1)kA k = ( 1)
n
( A n 1 +A n 2 + (n+ 1)A n 3)  3:
(b):
Pn
k=1 k( 1)kA 2k = 125 (( 1)
n
((5n  3)A 2n+1 + (10n+ 9)A 2n   (10n  1)A 2n 1)  24):
(c):
Pn
k=1 k( 1)kA 2k+1 = 125 (( 1)
n
((10n+ 9)A 2n+1   (5n+ 2)A 2n + (5n  3)A 2n 1)  3):
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Observe that setting x =  1; r = 0; s = 2; t = 1 (i.e. for the generalized Pell-Padovan case) in Theorem
3.1, (a) makes the right hand side of the sum formulas to be an indeterminate form. Application of LHospital
rule (using twice) however provides the evaluation of the sum formulas. If x =  1; r = 0; s = 2; t = 1 then we
have the following theorem (in fact taking r = 0; s = 2; t = 1 in Theorem 3.1 (a) and then using LHospital
rule twice for x =  1 we obtain the following theorem).
Theorem 3.24. If r = 0; s = 2; t = 1 then for n  1 we have the following formulas:
(a):
Pn
k=1 k( 1)kW k = 12 (( 1)
n
( (n2 n 32)W n 1+(n2+n 32)W n 2+(n+ 5) (n  6)W n 3)+
24W2   28W1   18W0)
(b):
Pn
k=1 k( 1)kW 2k = 120 (( 1)
n




k=1 k( 1)kW 2k+1 = 120 (( 1)
n
((6n+ 5)W 2n+1  (2n+ 1)W 2n+(2n  1)W 2n 1)+W2 
5W1  W0)
Proof





( x3 + 2x+ 1)2
where
h2(x) =  xn+1(n (2x+ 1) ( x3+2x+1)+4x+4x2+2x3+2x4+1)W n 1 xn+2(n (2x+ 1) ( x3+
2x + 1) + 8x + 8x2 + x3 + 2)W n 2 + x(3x
2   2)W0   xn+3(n( x3 + 2x + 1) + 4x + 3)W n 3 +
x(2x3 + 1)W2 + x(x
4 + 2x2 + 2x)W1:
For x =  1; the right hand side of the above sum formula is an indeterminate form. Now, we




















(( 1)n ( (n2   n  32)W n 1 + (n2 + n  32)W n 2
+(n+ 5) (n  6)W n 3) + 24W2   28W1   18W0):
(b): Taking x =  1,r = 0; s = 2; t = 1 in Theorem 3.1 (b) we obtain (b).
(c): Taking x =  1,r = 0; s = 2; t = 1 in Theorem 3.1 (c) we obtain (c).
From the last theorem, we have the following corollary which gives sum formulas of Pell-Padovan numbers
(take Wn = Rn with R0 = 1; R1 = 1; R2 = 1).




k=1 k( 1)kR k = 12 (( 1)
n




k=1 k( 1)kR 2k = 120 (( 1)
n
((2n  1)R 2n+1 + (6n+ 5)R 2n   (6n  1)R 2n 1)  3):
(c):
Pn
k=1 k( 1)kR 2k+1 = 120 (( 1)
n
((6n+ 5)R 2n+1   (2n+ 1)R 2n + (2n  1)R 2n 1)  5):
Taking Rn = Cn with C0 = 3; C1 = 0; C2 = 2 in the last theorem, we have the following corollary which
presents sum formulas of Pell-Perrin numbers.
Corollary 3.26. For n  1; Pell-Perrin numbers have the following properties:
(a):
Pn
k=1 k( 1)kC k = 12 (( 1)
n




k=1 k( 1)kC 2k = 120 (( 1)
n
((2n  1)C 2n+1 + (6n+ 5)C 2n   (6n  1)C 2n 1)  11):
(c):
Pn
k=1 k( 1)kC 2k+1 = 120 (( 1)
n
((6n+ 5)C 2n+1   (2n+ 1)C 2n + (2n  1)C 2n 1)  1):
From the last theorem, we have the following corollary which gives sum formulas of third order Fibonacci-
Pell numbers (take Cn = Gn with G0 = 1; G1 = 0; G2 = 2).
Corollary 3.27. For n  1; third order Fibonacci-Pell numbers have the following properties:
(a):
Pn
k=1 k( 1)kG k = 12 (( 1)
n




k=1 k( 1)kG 2k = 120 (( 1)
n
((2n  1)G 2n+1 + (6n+ 5)G 2n   (6n  1)G 2n 1)  5):
(c):
Pn
k=1 k( 1)kG 2k+1 = 120 (( 1)
n
((6n+ 5)G 2n+1   (2n+ 1)G 2n + (2n  1)G 2n 1) + 1):
Taking Gn = Bn with B0 = 3; B1 = 0; B2 = 4 in the last theorem, we have the following corollary which
presents sum formulas of third order Lucas-Pell numbers.
Corollary 3.28. For n  1; third order Lucas-Pell numbers have the following properties:
(a):
Pn
k=1 k( 1)kB k = 12 (( 1)
n




k=1 k( 1)kB 2k = 120 (( 1)
n
((2n  1)B 2n+1 + (6n+ 5)B 2n   (6n  1)B 2n 1)  13):
(c):
Pn
k=1 k( 1)kB 2k+1 = 120 (( 1)
n
((6n+ 5)B 2n+1   (2n+ 1)B 2n + (2n  1)B 2n 1) + 1):
Taking r = 0; s = 1; t = 2 in Theorem 3.1, we obtain the following proposition.
Proposition 3.29. If r = 0; s = 1; t = 2 then for n  1 we have the following formulas:
(a):
Pn
k=1 k( 1)kW k = 12 (( 1)
n
((n  1)W n 1   nW n 2 + 2 (n+ 2)W n 3) +W1   2W0):
(b):
Pn
k=1 k( 1)kW 2k = 18 (( 1)
n
(2nW 2n+1 + (2n+ 3)W 2n   2 (2n+ 1)W 2n 1) +W2   4W0):
(c):
Pn
k=1 k( 1)kW 2k+1 = 18 (( 1)
n
((2n+ 3)W 2n+1 2 (n+ 1)W 2n+4nW 2n 1) 3W1+2W0):
From the last proposition, we have the following corollary which gives sum formulas of Jacobsthal-
Padovan numbers (take Wn = Qn with Q0 = 1; Q1 = 1; Q2 = 1).
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Corollary 3.30. For n  1; Jacobsthal-Padovan numbers have the following properties:
(a):
Pn
k=1 k( 1)kQ k = 12 (( 1)
n
((n  1)Q n 1   nQ n 2 + 2 (n+ 2)Q n 3)  1):
(b):
Pn
k=1 k( 1)kQ 2k = 18 (( 1)
n
(2nQ 2n+1 + (2n+ 3)Q 2n   2 (2n+ 1)Q 2n 1)  3):
(c):
Pn
k=1 k( 1)kQ 2k+1 = 18 (( 1)
n
((2n+ 3)Q 2n+1   2 (n+ 1)Q 2n + 4nQ 2n 1)  1):
Taking Qn = Ln with L0 = 3; L1 = 0; L2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of Jacobsthal-Perrin numbers.
Corollary 3.31. For n  1; Jacobsthal-Perrin numbers have the following properties:
(a):
Pn
k=1 k( 1)kL k = 12 (( 1)
n
((n  1)L n 1   nL n 2 + 2 (n+ 2)L n 3)  6):
(b):
Pn
k=1 k( 1)kL 2k = 18 (( 1)
n
(2nL 2n+1 + (2n+ 3)L 2n   2 (2n+ 1)L 2n 1)  10):
(c):
Pn
k=1 k( 1)kL 2k+1 = 18 (( 1)
n
((2n+ 3)L 2n+1   2 (n+ 1)L 2n + 4nL 2n 1) + 6):
From the last proposition, we have the following corollary which gives sum formulas of adjusted Jacobsthal-
Padovan numbers (take Ln = Kn with K0 = 0;K1 = 1;K2 = 0).
Corollary 3.32. For n  1; adjusted Jacobsthal-Padovan numbers have the following properties:
(a):
Pn
k=1 k( 1)kK k = 12 (( 1)
n
((n  1)K n 1   nK n 2 + 2 (n+ 2)K n 3) + 1):
(b):
Pn
k=1 k( 1)kK 2k = 18 ( 1)
n
(2nK 2n+1 + (2n+ 3)K 2n   2 (2n+ 1)K 2n 1):
(c):
Pn
k=1 k( 1)kK 2k+1 = 18 (( 1)
n
((2n+ 3)K 2n+1   2 (n+ 1)K 2n + 4nK 2n 1)  3):
Taking Kn =Mn with M0 = 3;M1 = 1;M2 = 3 in the last proposition, we have the following corollary
which presents sum formulas of modied Jacobsthal-Padovan numbers.
Corollary 3.33. For n  1; modied Jacobsthal-Padovan numbers have the following properties:
(a):
Pn
k=1 k( 1)kM k = 12 (( 1)
n
((n  1)M n 1   nM n 2 + 2 (n+ 2)M n 3)  5):
(b):
Pn
k=1 k( 1)kM 2k = 18 (( 1)
n
(2nM 2n+1 + (2n+ 3)M 2n   2 (2n+ 1)M 2n 1)  9):
(c):
Pn
k=1 k( 1)kM 2k+1 = 18 (( 1)
n
((2n+ 3)M 2n+1   2 (n+ 1)M 2n + 4nM 2n 1) + 3):
Taking r = 1; s = 0; t = 1 in Theorem 3.1, we obtain the following proposition.
Proposition 3.34. If r = 1; s = 0; t = 1 then for n  1 we have the following formulas:
(a):
Pn
k=1 k( 1)kW k = 19 (( 1)
n




k=1 k( 1)kW 2k = ( 1)
n
( W 2n+1 + (n+ 1)W 2n   (n  1)W 2n 1) W2 + 2W1  W0:
(c):
Pn
k=1 k( 1)kW 2k+1 = ( 1)
n
(nW 2n+1   (n  1)W 2n  W 2n 1) +W2  W1  W0:
From the last proposition, we have the following corollary which gives sum formulas of Narayana numbers
(take Wn = Nn with N0 = 0; N1 = 1; N2 = 1).




k=1 k( 1)kN k = 19 (( 1)
n
((6n+ 2)N n 1   (3n+ 1)N n 2 + (3n+ 4)N n 3) + 1):
(b):
Pn
k=1 k( 1)kN 2k = ( 1)
n
( N 2n+1 + (n+ 1)N 2n   (n  1)N 2n 1) + 1:
(c):
Pn
k=1 k( 1)kN 2k+1 = ( 1)
n
(nN 2n+1   (n  1)N 2n  N 2n 1):
Taking Wn = Un with U0 = 3; U1 = 1; U2 = 1 in the last proposition, we have the following corollary
which presents sum formulas of Narayana-Lucas numbers.
Corollary 3.36. For n  1; Narayana-Lucas numbers have the following properties:
(a):
Pn
k=1 k( 1)kU k = 19 (( 1)
n
((6n+ 2)U n 1   (3n+ 1)U n 2 + (3n+ 4)U n 3)  14):
(b):
Pn
k=1 k( 1)kU 2k = ( 1)
n
( U 2n+1 + (n+ 1)U 2n   (n  1)U 2n 1)  2:
(c):
Pn
k=1 k( 1)kU 2k+1 = ( 1)
n
(nU 2n+1   (n  1)U 2n   U 2n 1)  3:
From the last proposition, we have the following corollary which gives sum formulas of Narayana-Perrin
numbers (take Wn = Hn with H0 = 3;H1 = 0;H2 = 2).
Corollary 3.37. For n  1; Narayana-Perrin numbers have the following properties:
(a):
Pn
k=1 k( 1)kH k = 19 (( 1)
n
((6n+ 2)H n 1   (3n+ 1)H n 2 + (3n+ 4)H n 3)  11):
(b):
Pn
k=1 k( 1)kH 2k = ( 1)
n
( H 2n+1 + (n+ 1)H 2n   (n  1)H 2n 1)  5:
(c):
Pn
k=1 k( 1)kH 2k+1 = ( 1)
n
(nH 2n+1   (n  1)H 2n  H 2n 1)  1:
Taking r = 1; s = 1; t = 2 in Theorem 3.1, we obtain the following proposition.
Proposition 3.38. If r = 1; s = 1; t = 2 then for n  1 we have the following formulas:
(a):
Pn
k=1 k( 1)kW k = 19 (( 1)
n




k=1 k( 1)kW 2k = 125 (( 1)
n
((5n  6)W 2n+1 + (5n+ 19)W 2n   2 (10n+ 3)W 2n 1) +
3W2 + 3W1   22W0):
(c):
Pn
k=1 k( 1)kW 2k+1 = 125 (( 1)
n
((10n+ 13)W 2n+1 3 (5n+ 4)W 2n+2 (5n  6)W 2n 1)+
6W2   19W1 + 6W0):
From the last proposition, we have the following corollary which gives sum formulas of third order
Jacobsthal numbers (take Wn = Jn with J0 = 0; J1 = 1; J2 = 1).
Corollary 3.39. For n  1; third order Jacobsthal numbers have the following properties:
(a):
Pn
k=1 k( 1)kJ k = 19 (( 1)
n
((6n+ 1) J n 1   (3n  1) J n 2 + 2 (3n+ 5) J n 3) + 2):
(b):
Pn
k=1 k( 1)kJ 2k = 125 (( 1)
n
((5n  6) J 2n+1 + (5n+ 19) J 2n   2 (10n+ 3) J 2n 1) + 6):
(c):
Pn
k=1 k( 1)kJ 2k+1 = 125 (( 1)
n
((10n+ 13) J 2n+1 3 (5n+ 4) J 2n+2 (5n  6) J 2n 1) 13):
Taking Jn = jn with j0 = 2; j1 = 1; j2 = 5 in the last proposition, we have the following corollary which
presents sum formulas of third order Jacobsthal-Lucas numbers.
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Corollary 3.40. For n  1; third order Jacobsthal-Lucas numbers have the following properties:
(a):
Pn
k=1 k( 1)kj k = 19 (( 1)
n
((6n+ 1) j n 1   (3n  1) j n 2 + 2 (3n+ 5) j n 3)  10):
(b):
Pn
k=1 k( 1)kj 2k = 125 (( 1)
n
((5n  6) j 2n+1 + (5n+ 19) j 2n   2 (10n+ 3) j 2n 1)  26):
(c):
Pn
k=1 k( 1)kj 2k+1 = 125 (( 1)
n
((10n+ 13) j 2n+1   3 (5n+ 4) j 2n + 2 (5n  6) j 2n 1) + 23):
From the last proposition, we have the following corollary which gives sum formulas of modied third
order Jacobsthal-Lucas numbers (take jn = Kn with K0 = 3;K1 = 1;K2 = 3).




k=1 k( 1)kK k = 19 (( 1)
n
((6n+ 1)K n 1   (3n  1)K n 2 + 2 (3n+ 5)K n 3)  20):
(b):
Pn
k=1 k( 1)kK 2k = 125 (( 1)
n
((5n  6)K 2n+1+(5n+ 19)K 2n  2 (10n+ 3)K 2n 1)  54):
(c):
Pn
k=1 k( 1)kK 2k+1 = 125 (( 1)
n
((10n+ 13)K 2n+1   3 (5n+ 4)K 2n + 2 (5n  6)K 2n 1) +
17):
Taking Kn = Qn with Q0 = 3; Q1 = 0; Q2 = 2 in the last proposition, we have the following corollary
which presents sum formulas of third order Jacobsthal-Perrin numbers.
Corollary 3.42. For n  1; third order Jacobsthal-Perrin numbers have the following properties:
(a):
Pn
k=1 k( 1)kQ k = 19 (( 1)
n
((6n+ 1)Q n 1   (3n  1)Q n 2 + 2 (3n+ 5)Q n 3)  22):
(b):
Pn
k=1 k( 1)kQ 2k = 125 (( 1)
n
((5n  6)Q 2n+1 + (5n+ 19)Q 2n   2 (10n+ 3)Q 2n 1)  60):
(c):
Pn
k=1 k( 1)kQ 2k+1 = 125 (( 1)
n
((10n+ 13)Q 2n+1   3 (5n+ 4)Q 2n + 2 (5n  6)Q 2n 1) +
30):
Taking r = 2; s = 3; t = 5 in Theorem 3.1, we obtain the following proposition.
Proposition 3.43. If r = 2; s = 3; t = 5 then for n  1 we have the following formulas:
(a):
Pn
k=1 k( 1)kW k = 125 (( 1)
n




k=1 k( 1)kW 2k = 1625 (( 1)
n
((75n  11)W 2n+1 (50n  199)W 2n 5 (100n+ 77)W 2n 1)+
77W2   143W1   430W0):
(c):
Pn
k=1 k( 1)kW 2k+1 = 1625 (( 1)
n
((100n+ 177)W 2n+1   11 (25n+ 38)W 2n + 5 (75n  11)
W 2n 1) + 11W2   199W1 + 385W0):
From the last proposition, we have the following corollary which gives sum formulas of 3-primes numbers
(take Wn = Gn with G0 = 0; G1 = 1; G2 = 2).
Corollary 3.44. For n  1; 3-primes numbers have the following properties:
(a):
Pn
k=1 k( 1)kG k = 125 (( 1)
n




k=1 k( 1)kG 2k = 1625 (( 1)
n




k=1 k( 1)kG 2k+1 = 1625 (( 1)
n
((100n+ 177)G 2n+1 11 (25n+ 38)G 2n+5 (75n  11)G 2n 1) 
177):
Taking Wn = Hn with H0 = 3;H1 = 2;H2 = 10 in the last proposition, we have the following corollary
which presents sum formulas of Lucas 3-primes numbers.
Corollary 3.45. For n  1; Lucas 3-primes numbers have the following properties:
(a):
Pn
k=1 k( 1)kH k = 125 (( 1)
n
((20n+ 9)H n 1   (10n  3)H n 2 + 5 (5n+ 11)H n 3)  54):
(b):
Pn
k=1 k( 1)kH 2k = 1625 (( 1)
n




k=1 k( 1)kH 2k+1 = 1625 (( 1)
n
((100n+ 177)H 2n+1   11 (25n+ 38)H 2n + 5 (75n  11)
H 2n 1) + 867):
From the last proposition, we have the following corollary which gives sum formulas of modied 3-primes
numbers (take Wn = En with E0 = 0; E1 = 1; E2 = 1).
Corollary 3.46. For n  1; modied 3-primes numbers have the following properties:
(a):
Pn
k=1 k( 1)kE k = 125 (( 1)
n
((20n+ 9)E n 1   (10n  3)E n 2 + 5 (5n+ 11)E n 3) + 7):
(b):
Pn
k=1 k( 1)kE 2k = 1625 (( 1)
n




k=1 k( 1)kE 2k+1 = 1625 (( 1)
n
((100n+ 177)E 2n+1 11 (25n+ 38)E 2n+5 (75n  11)E 2n 1) 
188):
Taking r = 5; s = 3; t = 2 in Theorem 3.1, we obtain the following proposition.
Proposition 3.47. If r = 5; s = 3; t = 2 then for n  1 we have the following formulas:
(a):
Pn
k=1 k( 1)kW k = 15 (( 1)
n




k=1 k( 1)kW 2k = 1625 (( 1)
n
(  (75n+ 38)W 2n+1+(475n+ 199)W 2n 2 (100n  91)W 2n 1) 
91W2 + 493W1 + 74W0):
(c):
Pn
k=1 k( 1)kW 2k+1 = 1625 (( 1)
n
((100n+ 9)W 2n+1 17 (25n  4)W 2n 2 (75n+ 38)W 2n 1)+
38W2   199W1   182W0):
From the last proposition, we have the following corollary which gives sum formulas of reverse 3-primes
numbers (take Wn = Nn with N0 = 0; N1 = 1; N2 = 5).
Corollary 3.48. For n  1; reverse 3-primes numbers have the following properties:
(a):
Pn
k=1 k( 1)kN k = 15 ( 1)
n
((4n+ 3)N n 1 + (n+ 3)N n 2 + 2 (n+ 1)N n 3):
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(b):
Pn
k=1 k( 1)kN 2k = 1625 (( 1)
n




k=1 k( 1)kN 2k+1 = 1625 (( 1)
n
((100n+ 9)N 2n+1 17 (25n  4)N 2n 2 (75n+ 38)N 2n 1) 
9):
Taking Nn = Sn with S0 = 3; S1 = 5; S2 = 31 in the last proposition, we have the following corollary
which presents sum formulas of reverse Lucas 3-primes numbers.
Corollary 3.49. For n  1; reverse Lucas 3-primes numbers have the following properties:
(a):
Pn
k=1 k( 1)kS k = 15 (( 1)
n
((4n+ 3)S n 1 + (n+ 3)S n 2 + 2 (n+ 1)S n 3)  6):
(b):
Pn
k=1 k( 1)kS 2k = 1625 (( 1)
n




k=1 k( 1)kS 2k+1 = 1625 (( 1)
n
((100n+ 9)S 2n+1 17 (25n  4)S 2n 2 (75n+ 38)S 2n 1) 
363):
From the last proposition, we have the following corollary which gives sum formulas of reverse modied
3-primes numbers (take Sn = Un with U0 = 0; U1 = 1; U2 = 4).
Corollary 3.50. For n  1; reverse modied 3-primes numbers have the following properties:
(a):
Pn
k=1 k( 1)kU k = 15 (( 1)
n
((4n+ 3)U n 1 + (n+ 3)U n 2 + 2 (n+ 1)U n 3)  1):
(b):
Pn
k=1 k( 1)kU 2k = 1625 (( 1)
n




k=1 k( 1)kU 2k+1 = 1625 (( 1)
n
((100n+ 9)U 2n+1 17 (25n  4)U 2n 2 (75n+ 38)U 2n 1) 
47):
3.4. The Case x = i. We now consider the complex case x = i in Theorem 3.1. Taking x = i; r = s =
t = 1 in Theorem 3.1, we obtain the following proposition.







n((2   2in)W n 1 + ((2  2i)n  2i)W n 2 + (2n + 2   2i)W n 3)  







n(i (4n  4)W 2n+1 + (4i   4   8in)W 2n + (4   4n + 4i)W 2n 1)  







n( 4 (in+ 1)W 2n+1   4 ((1  i)n  1)W 2n + 4i (n  1)W 2n 1) +
4iW2 + 4 (1  i)W1   4 (1 + i)W0):
From the above proposition, we have the following corollary which gives sum formulas of Tribonacci
numbers (take Wn = Tn with T0 = 0; T1 = 1; T2 = 1).






















n( 4 (in+ 1)T 2n+1   4 ((1  i)n  1)T 2n + 4i (n  1)T 2n 1) + 4):
Taking Wn = Kn with K0 = 3;K1 = 1;K2 = 3 in the last proposition, we have the following corollary
which presents sum formulas of Tribonacci-Lucas numbers.





















n( 4 (in+ 1)K 2n+1  4 ((1  i)n  1)K 2n+4i (n  1)K 2n 1)  8 
4i):
From the last proposition, we have the following corollary which gives sum formulas of Tribonacci-Perrin
numbers (take Wn =Mn with M0 = 3;M1 = 0;M2 = 2).





















n( 4 (in+ 1)M 2n+1   4 ((1  i)n  1)M 2n + 4i (n  1)M 2n 1)  
12  4i):
Taking Wn = Un with U0 = 1; U1 = 1; U2 = 1 in the last proposition, we have the following corollary
which presents sum formulas of modied Tribonacci numbers.





















n( 4 (in+ 1)U 2n+1   4 ((1  i)n  1)U 2n + 4i (n  1)U 2n 1)  4i):
From the last proposition, we have the following corollary which gives sum formulas of modied Tribonacci-
Lucas numbers (take Wn = Gn with G0 = 4; G1 = 4; G2 = 10).





















n( 4 (in+ 1)G 2n+1   4 ((1  i)n  1)G 2n + 4i (n  1)G 2n 1) + 8i):
Taking Wn = Hn with H0 = 4;H1 = 2;H2 = 0 in the last proposition, we have the following corollary
which presents sum formulas of adjusted Tribonacci-Lucas numbers.
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n( 4 (in+ 1)H 2n+1  4 ((1  i)n  1)H 2n+4i (n  1)H 2n 1)  8 
24i):
Corresponding sums of the other third order linear sequences can be calculated similarly when x = i.
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